Abstract: We analytically calculate higher order corrections to coefficient functions of the operator product expansion (OPE) for the Euclidean correlator of two energy-momentum tensors in massless QCD. These are the three-loop contribution to the coefficient C 0 in front of the unity operator O 0 = 1 and the one and two-loop contributions to the coefficient C 1 in front of the gluon "condensate" operator O 1 = − 1 4 G µν G µν . For the correlator of two operators O 1 we present the coefficient C 1 at two-loop level (the coefficient function C 0 is known at four loops from [1]).
Motivation
The energy-momentum tensor correlator plays an important role in many physical problems. A lot of these lie in the field of Quark Gluon Plasma (QGP) physics. Here the correlator eq. (1.1) is the central object for describing transport properties, like the shear viscosity of the plasma (see e.g. [2, 3] ) and spectral functions for some tensor channels in the QGP [4] . Another application is a sum rule approach to tensor glueballs. These special hadrons without valence quarks are determined by their gluonic degrees of freedom. QCD allows for such particles but a conclusive discovery has not yet been made.
In a sum rule approach [5] one usually starts with the vacuum correlator of an interpolating local operator which has the same quantum numbers as the hadrons we want to investigate. If we are interested in glueballs we take local operators consisting of gluon fields. For the cases J P C = 0 ++ , 0 −+ and 2 ++ the following operators are usually considered:
O T (x) = T µν (x) (tensor) (1.4) where G µν is the gluon field strength tensor and
the dual gluon field strength tensor. For more details see [6] . The vacuum expectation value (VEV) of the correlator of such a local operator O(x)
can of course be calculated in perturbation theory for large Euclidean momenta, but this is not enough. Starting from the perturbative region of momentum space we can probe into the non-perturbative region by means of an OPE. The idea originally formulated in [7] is to expand the non-local operator product i d 4 x e iqx T [O(x)O(0)] in a series of local operators with Wilson coefficients depending on the large Euclidean momentum q. In sum rules we usually have dispersion relations connecting the VEV of such a Euclidean operator product to some spectral density in the physical region of momentum space. As we are ultimately interested in the VEV of this operator product we only have to consider gauge invariant scalar operators in the expansion.
Effectively this expansion separates the high energy physics, which is contained in the Wilson coefficients, from the low energy physics which is taken into account by the VEVs of the local operators, the so-called condensates [5] . These cannot be calculated in perturbation theory, but need to be derived from low energy theorems or be calculated on the lattice. Such an OPE has already been done for the cases eq. (1.2) and eq. (1.3) (see [8, 9] ) with one-loop accuracy.
In this work we present the results for the Wilson (1.8) where the index B marks bare quantities. We start our calculation with bare quantities which are expressed through renormalized ones in the end:
(1.10)
All physical matrix elements of [O 1 ] are finite and so is the renormalized coefficient 1
The renormalization constant
has been derived in a simple way in [10] (see also an earlier work [11] ). Here Z αs is the renormalization constant for α s and we define 2
In the massive case the two and four dimensional operators O f = m 2 f and O f 2 = m fψf ψ f would have to be included as well for every massive quark flavour f. The VEVs of all other linearly independent scalar operators of dimension four vanish either by some equation of motion or as they are not gauge invariant. The contributions of higher dimensional operators are suppressed by higher powers of 1 Q 2 in the coefficients. Apart from the leading coefficient C 0 in front of the local operator O 0 = 1 the coefficient C 1 in front of [O 1 ] is of special interest for many applications. One example is if we have a spectral density defined by our correlator and we want to calculate the shift in this spectral density from zero to finite temperature:
(1.14)
The spectral density at T = 0 is calculated from the VEV of the correlator whereas for the spectral density at finite T we take the thermal average of the operator product. For the unity operator O 0 = 1 the VEV and the thermal average are both 1 due to the normalization conditions. Hence the leading term from the OPE, i.e. the one proportional to O 0 vanishes in eq. (1.14) which makes the Wilson coefficients in front of O 1 and O f 2 the leading high frequency contributions to eq. (1.14). For more details see e.g. [12] .
1 This statement as well as eqs. (1.9) and eqs. (1.10) are only true modulo so-called contact terms; see a detailed discussion in the next section.
2 Often in the literature Zα s is used instead of ZG and αsG µν Gµν instead of O1. This is justified because up to first order in αs the renormalization constants ZG and Zα s are the same. Only in higher orders ZG and Zα s differ and therefore ZG has to be used in such cases.
The energy-momentum tensor in QCD
The energy-momentum tensor which can be derived from the Lagrangian of a field theory is an interesting object by itself. To be identified with the physical object known from classical physics and general relativity it has to be symmetric as well as conserved. A very general method to derive such an energy-momentum tensor can be found e.g. in [13] [14] [15] . This has firstly been done for QCD in [16] and the result derived from the renormalized Lagrangian
Here
3) Z 3 ,Z 3 and Z 2 stand for the field renormalization constants for the gluon, ghost and quark fields respectively andZ 1 and Z 1ψ for the vertex renormalization constants. The abbrevi-
where f abc is the structure constant of the SU(N c ) gauge group, is used and all colour indices are suppressed for convenience. This energy-momentum tensor consists of gauge invariant as well as gauge and ghost terms. If we were to consider general matrix elements of operator products we would have to include all these terms. It has been pointed out in [16] however that for Green's functions with only gauge invariant operators it would be enough to take the gauge invariant part of the energy momentum tensor:
This has been checked in our calculation of C 0 which we have done once with the full energy-momentum tensor eq. (2.2) and once with the gauge invariant part eq. (2.4) up to three-loop accuracy. As expected both calculations yield the same result. Figure 1 . Energy-momentum tensor vertices and their dependence on g s
In [16] it has been proven that the energy-momentum tensor of QCD is a finite operator which means the Z-factors appearing in (2.2) make any Green function of (renormalized) QCD elementary fields with one insertion of the operator T µν finite.
We have used this theorem as a check for our setup and have calculated one -and two-loop corrections to the matrix elements gluon(p,µ 1 )|T µν |gluon(p,µ 2 ) , ghost(p)|T µν |ghost(p) and quark(p), gluon(0,µ 1 )|T µ µ |quark(p) which turned out to be finite as expected. Another important consequence of the finiteness property is the absence of the anomalous dimension of the energy-momentum tensor. For the bilocal operatorT µν;ρσ (x) the situation is more complicated. This is because of extra (quartic!) UV divergences appearing in the limit of x → 0. If x is kept away from 0 thenT µν;ρσ (x) is finite and renormalization scheme independent. These divergences (which are local in x!) manifest themselves in the Fourier transform T µν;ρσ (q). They can and should be renormalized with proper counterterms: 5) where O i are some operators of (mass) dimension ≤ 4 and Z ct i (q) are the corresponding (divergent) Z-factors. The latter must be local, that is have only polynomial dependence of the external momentum q. Within the MS-scheme Z ct i (q) are just poles in ε. It is of importance to note that the subtractive renormalization encoded in eq. (2.5) is in general not constrained by the QCD charge renormalization. Thus, the unambiguous QCD predictions for the coefficient functions in OPE (1.7) could be made only modulo contact terms proportional to δ(x) in position space.
OPE of the energy-momentum tensor correlator
The leading coefficient C 0 is just the perturbative VEV of the correlator eq. (1.1)
which we have computed up to order α 2 s (three loops). In Figure ( 2) we show some sample Feynman diagrams contributing to this calculation. The energy-momentum tensor plays the role of an external current. In order to produce all possible Feynman diagrams we have used the program QGRAF [17] . As these diagrams are propagator-like the relevant integrals can be computed with the FORM package MINCER [18] after projecting them to scalar pieces. For the colour part of the diagrams the FORM package COLOR [19] has been used. Because of the four independent external Lorentz indices there are many These are composed of the large external momentum q and the metric tensor g. Using the symmetries 3 of eq. (1.1) we can narrow them down to five possible independent tensor structures:
The conservation of the energy-momentum tensor leads to additional restrictions:
This condition has been checked in all calculations. Subtracting the physically irrelevant contact terms leads to only two independent tensor structures which have also been used e.g. in [20] :
where D is the dimension of the space time. The structure t µν;ρσ T (q) is traceless and orthogonal to t µν;ρσ S (q). Hence the latter corresponds to the part coming from the traces of the energy-momentum tensors. The Wilson coefficients in eq. (1.7) are then of the general form
where dim(O 0 ) = 0 and dim(O 1 ) = 4 are the mass dimensions of the respective operators. The coefficients defined in the first line of eq. (3.5) and their conversion to the ones defined in the second line are given in the appendix.
In order to compute the coefficient C µν;ρσ 1 (q) we have used the method of projectors [21, 22] which allows to express coefficient functions for any OPE of two operators in terms of massless propagator type diagrams only. The method is based on dimensional regularization and uses strongly the fact that this regularization sets every massless tadpole-like Feynman integral to zero. The idea is to apply the same projector to both sides of eq. (1.9) or to eq. (1.10) after contracting the free Lorentz indices with a tensort (r) µν;ρσ (q) composed of the momentum q and the metric g in order to get the scalar pieces in eq. (3.5):
The projector P orP is constructed in such a way that it maps every operator on the rhs of the OPE to zero except for the one whose Wilson coefficient we want to compute. Thẽ t
µν;ρσ can be constructed as linear combinations of the t µν;ρσ r (q) from the list (3.2).
As an example of how the method of projectors works let us consider the scalar object
which should meet the following OPÊ in (3.7). In order to extract the coeffcient function c 4,1 it is natural to consider the following (connected) Green function
with the upperscript . . . amp meaning that we do not consider self-energy corrections to the external gluon legs. Figure ( 3) shows some sample diagrams contributing to eq. (3.10) at tree and one-loop level.
As a consequence of eq. (3.8) the Green function T 4 meets an OPE:
with
The "standard" way of computing c 4,1 from eq. (3.11) would be as follows:
• compute the large Q asymptotic of T 4 (k 1 , k 2 , q) up to and including all terms which are not power-suppressed;
• compute the matrix element
• find c 4,1 by dividing out the matrix element
Note that in this approach one could directly work with renormalized quantities and with the space-time dimension D = 4 − 2ǫ set to its physical value 4.
The idea of the method of projectors is 4 to keep Q fixed but, instead, consider the two momenta k 1 and k 2 of spectator gluons as infinitesimally small and expand naively 5 both functions
1 |k 2 in these momenta up to the second order. As a result of this prescription:
• the Green function T 4 (k 1 , k 2 , q) will loose its dynamical dependence on the momenta k i and will constitute of propagator-like diagrams;
• the matrix element k 1 |[O] 1 |k 2 will only get contributions from tree diagrams as all non-tree diagrams, being massless tadpoles, are set to zero in dimensional regularization;
• the power-suppressed terms (in q) will dissappear (they contribute only to higher then quadratic terms of the Taylor expansion in k i ).
• both
1 |k 2 will stop to be finite (we assume that we start from UV renormalized quantities) due to severe IR divergences induced by the naive expansion procedure. These divergences will be dimensionally regularized and manifest themselves as poles in ǫ. The most important fact is that the coeffcient function c 4,1 , being independent of the small momenta k i , will survive the procedure untouched!
The tree level matrix element of the (renormalized) operator [O 1 ] is given by the expression 13) where Z 3 is the gluon wave function renormalization constant. As a result we arrive at:
whereP
The explicit formula (3.14) directly expresses the coefficient function to be found in terms of one-scale propagator-like integrals.
Following the same logic we can construct a projector on the bare coefficient C µν;ρσ 1,B (q). Graphically it can be written as
, (3.16) where the blue circle represents the the sum of all (bare) Feynman diagrams which become 1PI after formal gluing (depicted as a dotted line above) of the two external lines representing the operators on the lhs of the OPE and carrying the (large) momentum q. The use of g B = Z g g s on the vertices at the end of the external gluon lines already contains the renormalization factor 
Results
All results are given in the MS scheme with a s = 
C 0
Because of the contact terms both coefficients C S 0 and C T 0 could be unambiguously computed only up to constant (that is q-independent) contributions. To avoid the ambiguity we present below their Q 2 -derivatives:
6 For an SU(N ) gauge group these are dR = N , CA = 2TF N and
where
is the first coefficient of the perturbative expansion of the β-function (1.13). This result for
is in agreement with the one derived in [20] for the case of gluodynamics (n f = 0) at order α s (two-loop level). The simple form of eq. (4.2) comes from the wellknown trace anomaly [16, 24] , which reads
Indeed, from operator eq. (4.3) we expect that
Now the one-loop result
leads directly to eq. (4.
2) The fact that this particular three-loop result can be derived from one-loop results is also the reason for the lack of ζ-functions in it. Furthermore the structure of eq. (4.3) explains nicely why the leading contribution for this scalar piece is of order α 2 s . In fact, the correlator (4.5) is known in two-, three-and four-loop approximations from works [25] , [26] and [1] respectively. The four-loop result reads (with all colour factors set to their QCD values and l µq = 0) Finally, using eq. (4.4) and the well-known result for the four-loop QCD β-function [27, 28] we could easily extend the rhs of (4.2) by three more orders in α s : however are unambigous and the results read:
One thing to notice about C (S) 1 is that if we take the trace of both energy-momentum tensors the whole term η µ µ (q)η ν ν (q)
in the Wilson coefficient becomes local and, therefore, indistinguishable from contact terms. We can however check eq. (4.9) independently by computing first the coefficient function C 
The factor β(a s ) in this result is a direct consequence of the trace anomaly equation (4.3). However, we do not know any rationale behind the peculiar structure after this factor. If it is not accidental, then one can hope that an explanation could be found within the so-called β-expansion formalism suggested in [29] .
It is important to note that the coefficient functions C
and C
are not Renormalization Group independent. We can construct the corresponding RG invariants by using the wellknown fact 7 that the scale invariant version of the operator O 1 is
(4.14)
From this and the scale invariance of T µν;ρσ (q) defined in eq. (1.1) we find the RG invariant Wilson coefficients 
(4.18)
In conclusion, not only have we explained the absence of logarithms in eq. (4.9) and eq. (4.10) but we also get the logarithmic part of the three-loop result for these coefficient functions for free. Terms with l 2 µq can only appear starting from four-loop level, terms with l 3 µq from five-loop level and so on. The quantities defined in eq. (4.15) are given by
The three-loop parts proportional to l µq are
For completeness we have also computed the contribution of the gluon condensate to the OPE of correlator (4.5):
with the result:
(4.24)
The tree and one-loop contributions in (4.24) are in agreement with [8] and [30, 31] correspondingly. The two-loop part is new and has a feature that did not occur in lower orders, namely, a divergent contact term. Its appearance clearly demonstrates that non-logarithmic perturbative contributions to C GG
1
are not well defined in QCD, a fact seemingly ignored by the QCD sum rules practitioners (see, e.g. [6, 32] ). It is an interesting to notice that this divergent term is equal to − a 2 s ε β 1 (We thank M. Jamin for drawing our attention to this). This could point to the possibility that the contact terms and therefore the missing part of a complete renormalization of C 1 could be expressed in some way through the β-function.
This remains an open problem for the moment.
An unambiguous QCD prediction can be made for the derivative:
(4.25)
Numerics
In this section we will give our main results in the numerical form for two cases of interest, that is gluodynamics (n f = 0) and QCD with three light quarks only (n f = 3). As has already been mentioned, not all coefficient functions which we have discussed in the previous section are Renormalization Group independent. For a meaningful discussion we will construct the corresponding RG invariants by using the scale invariant version of the operator O 1 defined in eq. (4.14). In addition we set l µq = 0 everywhere. 8 
Applications to high-temperature QCD
Recently, the correlators Π GG and T µν;ρσ (q) have been studied in (Euclidean) hot YangMills theory in [33, 34] respectively (see, also references therein for related earlier works).
In this section we will employ our T = 0 calculations in order to extend some of the results of these publications by adding fermionic contributions as well as higher order corrections.
Note that for simplicity we will set all colour factors in all expressions below to their QCD values. The reader interested in expressions valid for generic colour group should be able to derive the corresponding results himself from our results.
Trace anomaly correlator
In [33] two-loop corrections to the quantity 9
where . . . c stands for the connected part and the expectation value is taken at finite temperature 10 T, have been computed. The capital case X for the space-time argument in (6.1) is used in order to stress that we are dealing with a Euclidean correlator. In the 9 Note that G θ (0, X) has been directly measured in lattice simulations [35] . 10 We use the bold case for the temperature to make it distinct from T (. . . ) standing for the time ordered product of operators inside the round brackets.
Numerically eqs. (6.6) and (6.7) read (we set l µX = 0) 
Shear stress correlator
In [34] the so-called shear stress correlator, defined as
with X = (X 0 , X), X = (0, 0, X 3 ), has been computed up to two-loops in high-temperature Yang-Mills theory. Here c η is an arbitrary constant (introduced for some reason that is not quite clear to us in [34] ) which we put for simplicity equal to i/4. The calculation has been performed with the help of an ultraviolet expansion valid in the limit of small distances or large momenta; the result has been presented in the form of an OPE. As the corresponding Wilson coefficients should be T-independent the results of [34] can be checked and extended further with the help of our calculations. 13 We start from momentum space. In the zero temperature limit the functioñ
is related to contribution to energy-momentum tensor correlator (1.1) proportional to the tensor structure t µν;ρσ 5 (q). This fact could be easily checked by applying projector (2.5) of [34] to the correlator T µν;ρσ (q) expressed in terms of five independent tensor structures displayed in (3.2). The result reads −8
. . Thus, we will work with the representation
The Wilson coefficients in front of Lorentz non-invariant operators are for the moment not reachable with our projectors. It would be interesting however to extend these methods in order to reach e.g. the coefficient in front of T 00 ∼ e + p. This is possible in principle with the method of projectors as the latter is certainly not limited to the case of Lorenz-invariant operators in the rhs of an OPE. For example, in [38] the three-loop coeffcient functions of various tensor quark and gluon operators of rank as large as 8 have been successfully computed with the help of the method of projectors.
We first concentrate on the coefficient function C 5 θ (Q 2 ) as the two-loop expression for C 5 1 (Q 2 ) presented in [34] is in agreement to the previously known expression obtained in [20] . The result of [34] for the second term in eq. (6.13) reads:
14)
where ζ 12 is an unknown constant. Note that the second term of the above expression is obtained not from a calculation but with the use of Renormalization Group considerations similar to those leading to eq. (4.18). Such a derivation assumes that the coefficient function C 5 θ is finite which is not obvious as the corresponding Feynman integrals have logarithmic divergences stemming from the region of small x in eq. (1.1). Our direct calculation explicitly demonstrates the presence of such divergences:
It is important to note that the contribution proportional to C 5 θ in (6.13) contains contact terms only. This is in agreement with (4.10) due to an identity
which, in turn, follows from restriction (3.3) (recall that C
1 /(−2 β(a s )) as a consequence of (4.3)).
In Euclidean position space eq. (6.13) can be presented as follows: Finally, using the identity C 
Discussion and Conclusions
We have presented higher order corrections to coefficient functions C 0 and C 1 of the OPE of two energy-momentum tensors in massless QCD as well as for the OPE of two scalar "gluon condensate" operators in massless QCD. Our results extend the previously known accuracy by one loop for the coefficient functions in front of the unit operator and by two loops for the CF of the gluon condensate operator O 1 = − 1 4 G µν G µν . We have confirmed all previously available results and in some cases extended them from purely Yang-Mills theory to QCD. Contrary to previous assumptions, we have found that the coefficient functions C GG 1 as well as C (5) θ (Q 2 ) are not completely finite with the standard QCD renormalization.
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In conclusion we want to mention that all our calculations have been performed on a SGI ALTIX 24-node IB-interconnected cluster of 8-cores Xeon computers using the threadbased [39] version of FORM [40] . The Feynman diagrams have been drawn with the Latex package Axodraw [41] . Hence the subtraction of contact terms enables us to write the Wilson coefficients in terms of only two independent tensor structures eq. (3.4) which are related to the original five by the following equations: 
